Through the use of a reductive perturbation technique, solitary kinetic Alfvén waves (KAWs) are investigated in a low but finite b (particle-to-magnetic pressure ratio) dense electron-positron-ion plasma where electrons and positrons are degenerate. The degenerate plasma model considered here permits the existence of sub-Alfvénic compressive solitary KAWs. The influence of r (equilibrium positron-to-ion density ratio), s F (electron-to-positron Fermi temperature ratio), b and obliqueness parameter l z on various characteristics of solitary KAWs are examined through numerical plots. We have shown that there exists a critical value of l z at which a soliton width attains its maximum value which decreases with an increase in r and s .
Introduction
An electron-positron (e-p) plasma is made up of constituents which are, being electrons and positrons, ubiquitous in nature, such as in the solar atmosphere [1, 2] , dense celestial objects like neutron stars and white dwarfs [3] , near the polar cap of pulsars [4] , the active galactic nuclei [5] , the early universe [6] , etc. However, most astrophysical plasmas are believed to contain ions in addition to the usual electrons and positrons [7] . Ions originate either inside the core of a compact star or from outside through a process of accretion [7] . In laboratory experiments, a two-component electron-ion (e-i) plasma can behave as a threecomponent e-p-i plasma in which positrons are injected to probe particle transport in Tokamak plasmas [8] . During the last few decades, a great deal of work has been done on the linear and nonlinear behavior of unmagnetized as well as magnetized e-p-i plasmas in order to understand the basic properties of waves excited there and to explain the different aspects of astrophysical environments where such plasmas exist. Among these works, investigations of nonlinear structures of kinetic Alfvén waves (KAWs) in e-p-i plasmas have also attracted much attention [9] [10] [11] [12] [13] [14] [15] . KAWs are dispersive Alfvén waves and can be excited in plasmas for Q=β=1 (β is the particle to magnetic pressure ratio; Q is the electron-to-ion mass ratio) when shear Alfvén waves, modified by perpendicular wave length effects, propagate obliquely in the direction of an ambient magnetic field. The dispersive nature of Alfvén waves balanced with nonlinear steepening may lead to the formation of nonlinear structures like solitons and double layers. The study of nonlinear structures of dispersive Alfvén waves in magnetized plasmas holds great significance because they can play an important role in explaining electromagnetic fluctuations, particle accelerations and solitary structures occurring in space, astrophysical and laboratory plasmas [16] . In the context of different space and astrophysical situations, a number articles [17] [18] [19] [20] on dispersive Alfvén waves have been published recently.
In all the aforementioned investigations of the nonlinear structures of KAWs in e-p-i plasmas, electrons and positrons were assumed to follow a kind of distribution based on the classical description of particles. However, in many astrophysical compact objects, such as white dwarfs [21] , the densities of electrons and positrons can be so high that a classical description of particles might be inadequate. Such high density electrons and positrons can be treated as quantum degenerate Fermi gas [21] . The quantum degeneracy effect in plasmas becomes effective if the inter-particle distances are comparable to, or less than, thermal de Broglie wavelengths of plasma particles l p = ( Thus, when the density of particles is very high (as in compact stars), the particles will approach very close to each other and quantum effects start to dominate. In such extreme densities, electrons and positrons become degenerate due to their negligible inertia while ions, being massive, can be treated as nondegenerate classical particles. It is to be noted here that the annihilation of electrons and positrons will destroy all positrons. But, for the parameter values relevant in our nonrelativistic degenerate e-p-i plasma model, positrons live long enough to contribute to nonlinear phenomena because the e-p pair annihilation period is greater than the characteristic plasma periods (for a detailed discussion, see [7, 22] ).
In recent years, the investigation of different types of nonlinear wave propagation in degenerate e-p [23] [24] [25] as well as e-p-i [7, 26, 27] plasmas has attracted the attention of several authors. Taibany and Mamun [23] have reported the existence of compressive (rarefactive) electromagnetic solitons corresponding to the fast (slow) magnetosonic perturbation modes in an ultrarelativistic, ultracold, degenerate e-p plasma. The nonlinear propagation of fast and slow magnetosonic perturbation modes in an ultra-cold, nonrelativistic, degenerate e-p plasma has been investigated by Taibany et al [24] . Describing the nonrelativistic degenerate gas of inertialess electrons and positrons by Thomas-Fermi approximation [28] in unmagnetized dense e-p-i plasma, Abdelsalam et al [26] have reported the existence of subsonic as well as supersonic compressive ion-acoustic solitary waves for a low value positron-to-electron number density ratio and only subsonic solitons for any increase of this ratio. In relativistic degenerate dense e-p-i plasma, Ata-ur-Rahman et al [27] have reported the existence of compressive ion-acoustic solitary waves. They have found that the propagation characteristics (amplitude, width and phase speed) of solitons are significantly affected by the presence of positron concentration. The propagation of electrostatic waves in a dense magnetized e-p-i plasma with nonrelativistic and ultrarelativistic degenerate electrons and positrons has been studied in detail by Sadiq et al [7] . In this paper, we therefore propose to investigate small amplitude solitary KAWs in collisionless low but finite b dense e-p-i plasma with degenerate electrons and positrons by invoking a reductive perturbation technique [29] . In order to model the degenerate gas of free electrons and positrons, we use Thomas-Fermi laws [26, 28, 30] which are briefly discussed in the appendix.
Basic equations
We consider the propagation of KAWs in low but finite b collisionless magnetized dense plasma comprised of ions, electrons and positrons. Inertialess electrons and positrons are assumed to obey Thomas-Fermi type distribution, while massive ions are treated as classical fluid. We suppose that all variations exist in the X-Z plane in which Z is the direction of the ambient magnetic field i.e. = B B e .
The low b assumption permits us to use two potential fields j and y [31] to describe electric field variables as
This means that only shear perturbations in the magnetic field are present which are expressed as
The set of equations governing the propagation of KAWs [32] in small but finite β (m e /m i =β=1) degenerate e-p-i plasma can be written as
where the magnetic force term vanishes for ion fluid motion parallel to the ambient magnetic field. The ion motion along the X-direction is dominated by polarization drift velocity given by
For current density in the Z-direction, Faraday's law and Ampere's law together give
Contributions to parallel current density j z come from electrons, positrons and ions. Thus, by making use of continuity equations for electrons and positrons, we get
The quasi-neutrality condition reads
Number densities of degenerate electrons and positrons are respectively given by Thomas-Fermi laws [26] 
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and
Fe Fp are the unperturbed densities of electrons and positrons in terms of their Fermi momenta P Fe and P Fp respectively.
Linearizing equations (2)- (9) and assuming that all the perturbed physical quantities vary as
we obtain the following dispersion relation for the degenerate e-p-i plasma model 2 , i.e. under low β plasma assumption, the modes decouple and the dispersion relation for KAWs then becomes
where r = W C sF sF is the equivalent ion gyroradius. As can be seen from the dispersion relation (11), Alfvén waves become dispersive due to the ion gyroradius effect when the waves propagate obliquely in the direction of an ambient magnetic field.
Derivation of the KdV equation
In order to derive the KdV equation, we use the following stretching co-ordinates for space and time variables
where  is a small  < < ( ) 0 1 dimensionless expansion parameter representing the strength of nonlinearity, l x and l z are direction cosines related by
and M is the wave phase speed in units of Alfvén speed ( ) v .
A
The relevant perturbed quantities are expanded in terms of  as [33] 
Let us substitute the above expressions into the resulting equations obtained by normalizing various quantities which appeared in equations (2)- (9) 
Eliminating first order perturbed quantities from equations (14)- (18), we obtain the following dispersion relation
which corresponds to two different wave modes, viz:
F
As we are interested in the kinetic Alfvén wave mode, we will focus here on the case
in the subsequent nonlinear analysis.
Comparing the next higher order terms involving  / , 5 2  2 and  , 3 one can obtain the following set of equations with the help of equations (14)- (18): 
Soliton solution and discussion
We seek the steady state solitary wave solution of the KdV equation (25) . For that we introduce the moving co-ordinate h x t = -u , The energy of a solitary KAW [34] can be obtained in terms of its amplitude and width by evaluating the following integral
Carrying out integration (29) after the substitution of equation (28), we obtain the expression for soliton energy as
We now examine the characteristics of solitary KAWs described by equation (25) . It is obvious from equation (26) that the nonlinearity coefficient A is negative for all possible values of r, s F and obliqueness l . z Again, for all possible values of r, s F and l , z the dispersion coefficient B (equation (27)) also turns out to be negative as b  1. In order for the width (Δ) of the solitary KAWs to be real, u 0 should be negative since < B 0. Further, if we assume that
which, at a negative value of u , 0 gives rise to a soliton propagation speed, i.e.  + u l 1 z 0 (in dimensionless form) smaller than one [33, 35] ) solitons which are associated with positive potential. The existence of compressive solitary KAWs at sub-Alfvenic speed in our degenerate e-p-i plasma system agrees to that reported in [12, 15] but is different from [14] which shows the existence of both sub-and super-Alfvénic compressive solitons in nondegenerate e-p-i plasma.
In what follows, we analyze our results numerically for plasma parameters relevant to dense astrophysical objects.
In figure 1 , we have plotted the potential profiles of solitary KAWs depicting the effects of plasma b (a) and obliqueness parameter ( ) l z (b) for a set of other plasma parameters, as indicated in each panel. It can be readily seen from figure 1(a) that an increase of plasma b increases the width of the solitary KAWs without changing their amplitudes. This signifies that as the strength of the ambient magnetic field in the plasma increases, solitary KAWs become narrower, maintaining the same amplitudes. On the other hand, it can be seen from figure 1(b) that soliton amplitude decreases with an increase in l .
z This means that solitary KAWs become taller if the waves propagate more obliquely in the direction of the ambient magnetic field. This feature can also be understood from equation (26) directly. It should be noted here that the nonlinear co-efficient A (equation (26)) vanishes for = l 0 z , i.e. for a large enough propagation angle. Thus, for the vanishing nonlinear effect, the amplitude of a solitary wave becomes large enough to break down the validity of the reductive perturbation technique [36] . So, in our numerical plots showing the shapes of solitons, we have chosen numerical values with a large obliqueness parameter (or a small propagation angle) that limits the amplitudes, causing them to be small without breaking the validity of the reductive perturbation method.
In figure 2 , we show the nature of the variation of soliton width (Δ) with obliqueness parameter ( ) l . z Although the variation of soliton width with obliqueness is shown for any value of l z between 0 and 1, the analysis is valid only for higher values of l z (or for a smaller propagation angle), the reason for which has already been explained earlier. We notice from the plot of figure 2 that D  0 as  l 0, 1 z which indicates that soliton formation is not possible for exactly parallel or perpendicular propagation. We also notice from the same plot that the soliton width first increases with an increase in l z till it becomes maximum at a critical value of  l 0.577 z (or q » 54.7 0 ) and then decreases on a further increase of l .
z This critical value of the propagation angle, being independent of other parameters, agrees well with that reported in superthemal e-i plasma [33] . From figure 3 , we see that the maximum value of the soliton width decreases with an increase in parameters r and s F while it increases with increasing b values. That is to say that an increase of positron content, electron Fermi temperature and the strength of the magnetic field in our degenerate plasma can reduce the maximum spatial extension of solitons.
In figure 4 , we have shown the effects of r ( figure 4(a) ) and s F ( figure 4(b) ) on solitary KAWs for a set of other parameters, as indicated in each panel. It is evident from each of the panels in figure 4 that an increase in positron concentration and electron Fermi temperature can result in a reduction of both the amplitude and width of solitary KAWs. The effects of positron concentration, electron Fermi temperature and obliqueness parameter on the energy of solitary KAWs are depicted in figure 5 , from which it can be observed that an increase in positron concentration and electron Fermi temperature reduces the energy of solitary KAWs. It can also be noted from figure 5 that solitons of higher energies propagate more obliquely in the direction of the ambient magnetic field.
Finally, the parallel electric field structures associated with solitary KAWs for different values of r and s F , keeping other parameters fixed, as the case may be, are depicted in figure 6 . It can be seen in both panels of figure 6 that with an increase of positron concentration and electron Fermi temperature, the bipolar electric field becomes more localized with a corresponding decrease of amplitude. As a possible implication of our results, we consider nonrelativistic degenerate dense e-p-i plasma that can exist in the magnetosphere of a pulsar [7] . In such a region, the density regimes for nonrelativistic degenerate electrons and positrons is roughly < < --n 10 m 10 m . 
Conclusion
In conclusion, we have theoretically studied the propagation of small amplitude solitary kinetic Alfvén waves in low but finite b dense e-p-i plasma with degenerate electrons and positrons modeled by Thomas-Fermi type distributions. The standard reductive perturbation technique has been invoked to derive the KdV equation for the solitary wave solution of KAWs. It is found that the degenerate e-p-i plasma model considered here supports the existence of compressive solitary KAWs at subAlfvénic speeds. Both the amplitude and width of soliary KAWs are found to decrease with an increase in positron density and electron Fermi temperature. The increase in strength of the ambient magnetic field makes the solitons wider without producing any change in their amplitudes. There exists a critical value of an obliqueness parameter at which a soliton width attains its maximum value, and beyond this critical value, the soliton width decreases. This maximum value of the soliton width decreases with an increase of positron density, electron Fermi temperature and the strength of the magnetic field. It is also observed that an increase in positron concentration and electron Fermi temperature can significantly reduce the energy of solitary KAWs. Moreover, solitons of higher energy propagate more obliquely in the direction of the ambient magnetic field. The results of the present investigation, in general, may have relevance for understanding nonlinear electromagnetic wave propagation in magnetized e-p-i plasmas in dense stars. The implication of our results to a pulsar magnetosphere has been pointed out as a specific example.
where v Fe is the electron Fermi velocity. The distribution (A3) clearly shows the equal occupation probabilities for energies less than Fermi energy and no electrons beyond. This distribution is a representation of the zero-temperature Thomas-Fermi equilibrium [37] . It is to be noted here that thermal effects are disregarded.
The number density of electrons for the zero temperature The same procedure can also be applied to determine the number density of positrons. 
